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Introduction
For p, v € Py(R):
« Classical Optimal Transport (OT) problem:

OT(r.v.e) = __inf / ez, y)m(dz, dy), (OT)

where II(p, v) == {7 € Py(R x R) | w(dz,R) = p(dz) and w(R,dy) = v(dy)}.
- Weak optimal transport (WOT):

Velmv)=__inf / O, mo)ulda), (WOT)

where w(dx, dy) = p(dx) m(dy).
- Weak martingale optimal transport (WMOT):

7 V) = inf
c ) wel{2)

[ ym.(dy)=z p-as.
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Numerical Approach

For empirical measures puj = %Zz‘lzl Op., Vj = %Z]’-le Oy, with (z;,y;) ii.d. from (u,v) € Po(R)?, denote
Pjli = Ti,j /; the conditional probability of y; given x;.
« WOT discretization :

/C’(az, o) (dx). (WMOT)

i J
min Y i C | @i, Y pjjidy,
i=1 j=1

J i
st pp 200 D pi =1 ) uipji=v,
7=1 1=1
« WMOT discretization :
i J
win Y€ (7Y mts
1=1 7=1
J I J
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Frank-Wolfe Algorithm

The Frank-Wolfe (conditional gradient) method solves:

min f(x)

xeC

for convex function f and compact convex C, via linear approximation of the objective function.

Algorithm 1 Vanilla Frank-Wolfe Algorithm
Input: initial point xg € C, function f : R — R convex, step sizes v > 0, smoothness L
Output: Iterates z1,--- €C

1: fort=1tondo

2: vy <— argmin(V f(x¢), v)
()
- V f(x),x—4
3: Vi $— mm{ Llzi—v? 1}
£ xpy — o+ (v — )
5. end for

Key features:

- Projection-free (uses linear minimization oracle, LMO)

- Preserves constraints via convex combinations

+ Ideal for our (WOT]) and (WMOT]) problems since (pj|;) Zz’le 1;C (a:,,;, Z}-]:lpj‘ﬁyj) is convex

when C'(z, -) is convex.
& J

Example: Wasserstein projection (WP) in 1D

For u, v € Py(R) and p € [1,+00), we consider

P
plde).

x—/Ryﬂx(dy)

Alfonsi, Corbetta and Jourdain [1] introduced the Wasserstein projections in the convex order:

7 v):= inf /
we V)= i) e

To(p, v) := argmin {Wy(u, 1) : 1 <¢z v} .
The quantile functions of Z(u, v) is obtained for all u € (0, 1) by:

FZ_&W) = F; ' — 0_co(G)(u),

where G(u) == [y (F B L_F Y (v)dv, co denotes the convex hull, and 9_ the left-hand derivative. According
to [1, 3], the values of Viyp (1, v) and Wy(u, Z(p, v)) coincide.

Example 1 (Constructed by [5]). Let
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® ¢’ s © ©®
@ @ ®
@ E 0 ? @ E o © © ¢
0.8 F @ [y xidy) . 08 k @ |yn xidy) e ©
O Huw) ' O vl
0.6 - 0.6 F
A Q
= =
5 ° 8 5
S 0.4 1) 9 S, 04k
! &
. o
0.2 F 02 bk
ot (@) © o
o © -
0.0 Q 1 | ] | 1 0.0 ¢ ] | 1
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Probability Probability

=100 and J=100

=200 and J=200

Quantile
Quantile

0.00 0.25 0.50 0.75 1.00
Probability Probability

Figure 1: Wasserstein projection with p = 3 for different problem sizes.

Example: Stretched Brownian motion

For u <., v, the martingale Benamou-Brenier problem is:

1
MT(u,v) :=sup E / odt (MBB)
0

over martingales My = My + fot osdBg with My ~ p, Mj ~ v. When v is finite, (MBB) has a unique
maximiser (M);e[g 1) called the stretched Brownian motion [2, Theorem 1.5].

Let Cy : R x Po(R) — R be the cost function as Cy(z, p) = W2(p, N'(0,1)), N'(0, 1) denotes the standard
normal distribution. Using the optimal Hoeffding-Fréchet coupling for the Wasserstein distance W (p, v),

Cy(x,p) can be expressed with quantile functions Fp_1 and £ Lof p and ~:

Co(x,p) = Wi(p,7) = /01 (Fp_l(U) - FJl(u))2 du.

The key relation:
V(%(M» v) =1+ /yZV(dy) —2MT (u, v).

We take two re-centered log-normal distributions p = exp #N (0, 0.24) and v = exp #N (—0.0104, 0.28) and
apply Baker’s construction [4] to preserve the convex order. Then, we apply the Frank-Wolfe to demonstrate
the optimal coupling 7* that attains Vé\f .

12 + du U U
1 —1
E, (u) = U]I(O,%](u) + = ]1<%71>(u), F,(u) §]1(0>%] w) + §]1<%’1)(u)
It has been checked that 545
—1 u Uu
Frum(® = 51 y(w) + —o=1a y(u)
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Figure 2: Optimal martingale coupling u(dx)n*(dy) for different problem sizes.
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